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This work aims at understanding the effect of particle–matrix interfacial debonding on the tensile
response of syntactic foams. The problem of a single hollow inclusion with spherical-cap cracks embed-
ded in a dissimilar matrix material is studied. Degradation of elastic modulus, cavity formation in the
proximity of debonded regions, stress localization phenomena in the inclusion, debonding energetics,
and crack kinking are studied for a broad range of inclusion wall thickness and debonding extent. A series
solution based on the Galerkin method is proposed and validated through comparison with ﬁndings from
boundary element and ﬁnite element methods. Results are specialized to glass particle-vinyl ester matrix
systems widely used in marine structural applications. The insight gained into the role of particle–matrix
debonding extent and inclusion wall thickness is useful in understanding the possible failure mecha-
nisms of syntactic foams under tensile and ﬂexural loading conditions and in tailoring their parameters
for speciﬁc applications.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Syntactic foams are a class of particulate composites synthe-
sized by dispersing hollow microspheres, called microballoons, in
a matrix material (see for example Narkis et al., 1984). Use of hol-
low particles provides several advantages in these composites such
as low density (Balch and Dunand, 2006; Gupta et al., 2001), mois-
ture absorption (Gupta and Woldesenbet, 2003; Sauvant-Moynot
et al., 2006), and thermal expansion coefﬁcient (Rohatgi et al.,
2006) compared to other cellular materials, such as open and
closed cell structured foams. In syntactic foams, the volume frac-
tion of porosity can be controlled by changing either the wall thick-
ness or the volume fraction of inclusions. Availability of two
different methods provides better opportunities for tailoring their
properties (Gupta and Ricci, 2006; Yung et al., 2009). Marine and
aerospace application require characterizing deformations and
fracture behaviors of syntactic foams to improve performance
and safety standards (see for example Apetre et al., 2006; Bardella
and Genna, 2001a;Wang et al., 2009; Young, 1985). Existing exper-
imental studies have helped in understanding the role of various
microstructural constituents on the properties of the resulting
composite (see for example Gupta and Nagorny, 2006; Gupta
et al., 2010; Kishore et al., 2005a,b; Rizzi et al., 2000).
Analytical tools for predicting the elastic response of syntactic
foams in terms of the properties of its constituents are available inll rights reserved.
: +1 718 260 3532.
Tagliavia), mporﬁri@poly.eduthe literature (see for example Bardella and Genna, 2001b; Huang
and Gibson, 1993; Lee and Westmann, 1970; Marur, 2005; Porﬁri
andGupta, 2009; Zouari et al., 2008). These researcheffortshaveelu-
cidated the role of the inclusion wall thickness and volume fraction
on the elastic properties of syntactic foams. These approaches differ
in the homogenization process, that spans from self-consistent
schemes to multiphase modeling. In contrast, they generally agree
on the fundamental mechanics of the system that considers perfect
bondingbetween the inclusionand thematrix. Themainobjectiveof
this study is to analyze the effect of inclusion–matrix debonding on
the tensile response and develop an improved understanding of the
mechanics of failure of polymer-glass syntactic foams. The motiva-
tion stems from recent experimental studies on glass-vinyl ester
syntactic foams that have demonstrated the relevance of inclu-
sion–matrix debonding on tensile and ﬂexural failure of syntactic
foams (Tagliavia et al., 2010), as observed in Fig. 1.
In this work, the debonding is modeled as a pair of equal interfa-
cial spherical-cap cracks symmetrically located in the direction of
the tensile loading. The materials are assumed to be linear elastic,
homogeneous, and isotropic. Further, theanalysis focusesona single
debonded hollow inclusion embedded in a dissimilar matrix mate-
rialunder remote tensile loading, that is, particle-to-particle interac-
tions are not considered. The problem is similar to the debonding in
ﬁber reinforced composites, where interfacial arc cracks develop be-
tween two dissimilarmaterials (see for example Gdoutos andHatzi-
trifon, 1985; Paris et al., 2007; Prasad and Simha, 2002; Prasad and
Simha, 2003; Toya, 1974; Zhenget al., 2000). Thedifferencebetween
the elastic properties of the matrix and inclusion materials induces
prominent oscillations of the singular stress ﬁelds in the proximity
Fig. 1. Scanning electron micrograph of a glass-vinyl ester syntactic foam specimen
failed under ﬂexural loading and showing prominent debonding in the tensile
failure side.
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Further, the curvature of the crack induces nontrivial dependencies
of thestress anddisplacementﬁeldson thedebondingextent (see for
example Prasad and Simha, 2002). Nevertheless, the three-dimen-
sional (3D) nature of the inclusion problem for syntactic foams gen-
erallyprevents the applicationofwell establishedcomplexvariables
techniques as those outlined in Muskhelishvili (1953). Asymptotic
analysis of the stress and displacement ﬁelds for a single spherical-
cap crack in a homogeneous material is conducted in Martin
(2001),whilean interfacecrackbetweentwoelasticmedia is studied
in Altenbach et al. (1995) and Martynenko and Lebedyeva (2006).
These analyses, focused on asymptotic ﬁelds, are limited to single
cracks and solid inclusions and do not address the energetics of deb-
onding. The energetics of debonding for two spherical-cap cracks is
studied inHuangandKorobeinik (2001) for the special case of a solid
particle and a completely frictionless interface, that is, when the
shear stress transfer between the inclusion and the matrix material
is zero.
For the studied problem, changes in the overall elastic proper-
ties, cavity formation in the proximity of debonded regions, stress
localization phenomena in the inclusion, debonding energetics,
and crack kinking are analyzed as functions of the debonding
severity and particle wall thickness. The displacement and stress
ﬁelds in the system are represented using solid spherical harmon-
ics. By imposing the boundary and interfacial conditions, the prob-
lem is reduced to a system of two integral equations in terms of the
radial and shear interfacial stresses. The integral equations are
solved by developing a computationally efﬁcient version of the
Galerkin method, in which singular functions are included in the
basis set to grasp the asymptotic behavior of the stress at the crack
tip and reduce the order of the approximation. Findings from the
proposed method are validated through extensive comparison
with more established techniques, such as the boundary element
method (BEM) and the ﬁnite element method (FEM). Results are
specialized to glass-vinyl ester syntactic foams and extensive para-
metric studies on the inclusion wall thickness effects are pre-
sented, including strain energy release rate, elastic compliance,
interface opening and sliding displacements, stress and displace-
ment distributions along the whole interface, fracture mode mix-
ity, and kink angle. The results are expected to aid the design of
syntactic foams and lead to an improved understanding of the fail-
ure mechanics of these materials.Fig. 2. Schematic of the inclusion problem along with the deﬁnition of the
coordinate system.2. Problem statement
The problem under investigation is set up as a single hollow
spherical inclusion embedded in an inﬁnitely extended matrix asshown in Fig. 2. The nature of the problem suggests selecting a
spherical coordinate system, where r is the radial coordinate, h is
the zenith angle, and / is the azimuth angle. The notations used
to describe the displacement and stress ﬁelds are in accordance
with equation sets (A1) and (A2) of the appendix (see for example
Lur’e, 1964). The matrix is uniaxially loaded in the y-direction by a
remotely applied stress r1 and the interface between the inclusion
and the matrix material is assumed to fail along two equal spher-
ical-caps located at the inclusion poles, see Fig. 2. These spherical-
caps are assumed to be pre-existent and no crack propagation is
analyzed in this work. The geometry of the hollow inclusion is de-
scribed by the outer radius a and the radius ratio g, deﬁned as the
ratio between the inner and the outer radii. The extent of debond-
ing is quantiﬁed by the angle h0, that is, the inclusion–matrix deb-
onding is localized in the regions 0 6 / 6 2p and 0 6 h 6 h0 and
p  h0 6 h 6 p. The constituents’ materials are assumed to be
homogeneous and isotropic. The subscripts i and m are used to
identify the inclusion and matrix materials, respectively. For con-
venience, the relations between the Lamé’s constants and the Pois-
son’s ratio and Young’s modulus are presented in equation set (A4)
of the appendix.
According to the cylindrical symmetry with respect to the y-
direction, the component of the displacement along the azimuthal
coordinate u/ is zero and the components of the displacement
along the radial and zenith coordinate, ur and uh respectively, are
independent of /. In addition, at any point of the domain, the azi-
muth direction is a principal stress axis and the state of stress in
the orthogonal plane, described by the radial stress rrr and the
shear stress srh, is independent of /. Thus, the 3D problem is re-
duced to a two-dimensional (2D) problem. Furthermore, uh(r,p/2)
and srh(r,p/2) are zero, ur(r,p/2  h) = ur(r,p/2 + h), rrr(r,p/
2  h) = rrr(r,p/2 + h), and srh(r,p/2  h) = srh(r,p/2 + h). Hence,
the symmetry conditions can be expressed as
@rrrðr; hÞ
@h

h¼p2
¼ 0 ð1aÞ
srh r;
p
2
 
¼ 0 ð1bÞ
@urðr; hÞ
@h

h¼p2
¼ 0 ð1cÞ
uh r;
p
2
 
¼ 0 ð1dÞ
Using the superposition principle, the problem is decomposed into
simpler subproblems as suggested in Huang and Korobeinik (2001)
and further sketched in Fig. 3. The subproblems are: (I) the matrix
material with a spherical void of radius a under remotely uniaxial
Fig. 3. Decomposition of the original problem in the three subproblems.
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radius a loaded by an unknown traction distribution r(h) along the
radial direction and s(h) along the circumferential direction, such
that r(h) = r(p  h), s(h) = s(p  h), r(h) = s(h) = 0 for 0 6 h 6 h0,
and r(h) = s(h) = 0 for p  h0 6 h 6 p as a result of the debonded
surface; and (III) a hollow inclusion loaded by r(h) and s(h) at its
outer surface. The displacement and stress ﬁelds for each of these
problems can be written in terms of the series solutions outlined
in the appendix. In what follows, superscripts (I), (II), and (III) are
used to identify the subproblem from which the solution stems.
The stress ﬁelds r(h) and s(h) are determined by imposing the
radial and circumferential displacement continuity across the in-
tact interface, that is, by setting surt(h) = ur(a+,h)  ur(a,h) = 0
and suht(h) = uh(a+,h)  uh(a,h) = 0 for h0 < h 6 p/2, where super-
scripts + and  are used to identify limits from the matrix and
inclusion side, respectively. By using the decomposition into sub-
problems discussed above, these conditions reduce to
surtðhÞ ¼ uðIÞr ða; hÞ þ uðIIÞr ða; hÞ  uðIIIÞr ða; hÞ ¼ 0 ð2aÞ
suhtðhÞ ¼ uðIÞh ða; hÞ þ uðIIÞh ða; hÞ  uðIIIÞh ða; hÞ ¼ 0 ð2bÞ
for h0 < h 6 p/2. Note that the jump of the displacement ﬁelds at the
debonded interface, surt(h) and suht(h) for 0 6 h < h0, is generally
different than zero.3. Problem formulation
In this section, the three subproblems are individually studied
and their solutions are derived. The procedure consists of applying
boundary conditions to the general form in equation set (A2) and
then obtaining a dimensionless solution for the radial and zenith
displacements at the interface.3.1. Subproblem I
The uniaxial remote stress can be written in spherical coordi-
nates as
rrrðhÞ ¼ r13 ½1þ 2P2ðcos hÞ ð3aÞ
srhðhÞ ¼ r13
dP2ðcos hÞ
dh
ð3bÞ
where P2(cosh) is the second Legendre polynomial. The solution in
the matrix can be written in the form of equation set (A2), using
only the ﬁrst two terms of the summation and specializing the elas-
tic constants to those of the matrix material. The coefﬁcients An, Bn,
Cn, and Dn can be determined by settingrðIÞrr ða; hÞ ¼ sðIÞrh ða; hÞ ¼ 0 ð4aÞ
rðIÞrr ðr; hÞ

r!1 ¼ rrrðhÞ ð4bÞ
sðIÞrh ðr; hÞ

r!1
¼ srhðhÞ ð4cÞ
Therefore, the non-vanishing coefﬁcients in equation set (A2) are gi-
ven by
A0 ¼  r112lmð1þ mmÞ
ð5aÞ
B2 ¼ r16lm
ð5bÞ
C2 ¼ 5a
3r1
12lmð7 5mmÞ
ð5cÞ
D0 ¼  a
3r1
12lm
ð5dÞ
D2 ¼ a
5r1
2lmð7 5mmÞ
ð5eÞ
By substituting equation set (5) in Eqs. (A2a) and (A2b), one obtains
2lm
ar1
uðIÞr ða; hÞ ¼
3ðmm  1Þ½4þ 5ðmm þ 1Þ cosð2hÞ
2ð5m2m  2mm  7Þ
ð6aÞ
2lm
ar1
uðIÞh ða; hÞ ¼
15ðmm  1Þ sinð2hÞ
2ð5mm  7Þ ð6bÞ3.2. Subproblem II
The functions r(h) and s(h) can be conveniently written in
terms of even solid harmonics to satisfy the symmetry conditions
in equation set (1), that is,
rðhÞ ¼
X1
n¼0;2;...
rnPnðcos hÞ ð7aÞ
sðhÞ ¼
X1
n¼2;4...
sn
dPnðcos hÞ
dh
ð7bÞ
Here, the coefﬁcient rn and sn can be expressed as
rn ¼ ð2nþ 1Þ
Z p=2
h0
rðhÞPnðcos hÞ sin hdh ð8aÞ
sn ¼ ð2nþ 1Þnðnþ 1Þ
Z p=2
h0
sðhÞdPnðcos hÞ
dh
sin hdh ð8bÞ
due to the orthogonality of the even Legendre polynomials in (0,p/
2) and the fact that r(h) and s(h) are zero for 0 6 h 6 h0. Since stress
and displacement ﬁelds vanish as r?1, subproblem II is generally
referred to as external (see for example Lur’e, 1964); as a conse-
quence, the constants An and Bn are zero. The solution in equation
set (A2) can be written by specializing the elastic constants to the
matrix material. Further, the constants Cn and Dn are determined
by setting
rðIIÞrr ða; hÞ ¼ rðhÞ ð9aÞ
sðIIÞrh ða; hÞ ¼ sðhÞ ð9bÞ
Therefore, Cn and Dn are given by
Cn ¼  a
nþ1½rn þ snðnþ 1Þ
4lm½n2 þ ð1 2mmÞnþ 1 mm
ð10aÞ
Dn ¼  a
nþ3½ðn2 þ 2mm  2Þrn þ ðn2 þ 3n 2mmÞsn
4lm½n2 þ ð1 2mmÞnþ 1 mm
ð10bÞ
By substituting equation set (10) in Eqs. (A2a) and (A2b), one
obtains
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ar1
uðIIÞr ða; hÞ ¼
X1
n¼0;2;...
AðrrÞn rn þ AðrsÞn sn
BðrÞn
Pnðcos hÞ ð11aÞ
2lm
ar1
uðIIÞh ða; hÞ ¼
X1
n¼2;4;...
AðhrÞn rn þ AðhsÞn sn
BðhÞn
dPnðcos hÞ
dh
ð11bÞ
where the expressions for the coefﬁcients AðrrÞn ;A
ðrsÞ
n ;B
ðrÞ
n ;A
ðhrÞ
n ;A
ðhsÞ
n ,
and BðhÞn are reported in equation set (A5).3.3. Subproblem III
The solution for the hollow inclusion loaded by r(h) and s(h)
can be written in the form of equation set (A2), where the elastic
constants are speciﬁc to the inclusion material and the constants
An, Bn, Cn, and Dn can be determined by settingrðIIIÞrr ða; hÞ ¼ rðhÞ ð12aÞ
sðIIIÞrh ða; hÞ ¼ sðhÞ ð12bÞ
rðIIIÞrr ðga; hÞ ¼ 0 ð12cÞ
sðIIIÞrh ðga; hÞ ¼ 0 ð12dÞNote that Eqs. (12c) and (12d) correspond to the stress-free condi-
tions on the inner surface of the particle. Therefore, An, Bn, Cn, and Dn
are given byAn ¼
an CðArÞn rn þ CðAsÞn sn
h i
2liD
ðAÞ
n
ð13aÞ
Bn ¼ 
a2n CðBrÞn rn þ CðBsÞn sn
h i
2liD
ðBÞ
n
ð13bÞ
Cn ¼
anþ1 CðCrÞn rn þ CðCsÞn sn
h i
2liD
ðCÞ
n
ð13cÞ
Dn ¼ 
anþ3 CðDrÞn rn þ CðDsÞn sn
h i
2liD
ðDÞ
n
ð13dÞ
where the expressions for the coefﬁcients
CðArÞn ;C
ðAsÞ
n ;D
ðAÞ
n ;C
ðBrÞ
n ;C
ðBsÞ
n ;D
ðBÞ
n ;C
ðCrÞ
n ;C
ðCsÞ
n ;D
ðCÞ
n ;C
ðDrÞ
n ;C
ðDsÞ
n , and D
ðDÞ
n
are reported in equation set (A6). Note that each of these
coefﬁcients depends on the inclusion properties, namely mi and g.
By substituting equation set (13) in Eqs. (A2a) and (A2b), one
obtains
2lm
ar1
uðIIIÞr ða; hÞ ¼ b
X1
n¼0;2;...
EðrrÞn rn þ EðrsÞn sn
FðrÞn
Pnðcos hÞ ð14aÞ
2lm
ar1
uðIIIÞh ða; hÞ ¼ b
X1
n¼2;4;...
EðhrÞn rn þ EðhsÞn sn
FðhÞn
dPnðcos hÞ
dh
ð14bÞ
where b = lm/li and the expressions for the coefﬁ-
cients EðrrÞn ;E
ðrsÞ
n ;E
ðhrÞ
n ;E
ðhsÞ
n ;F
ðrÞ
n , and F
ðhÞ
n are reported in equation set
(A7).4. Governing integral equations and numerical solutions
The stress distribution at the interface is obtained by summing
the general solutions of the above illustrated subproblems and
imposing the displacement continuity across the intact interface,
see equation set (2). By applying this procedure, the following
set of homogeneous Fredholm integral equations of the ﬁrst kind
is obtainedZ p
2
h0
FðrrÞðh; h^Þr^ðh^Þdh^þ
Z p
2
h0
FðrsÞðh; h^Þs^ðh^Þdh^
¼  2lm
ar1
uðIÞr ða; hÞ ð15aÞZ p
2
h0
FðhrÞðh; h^Þr^ðh^Þdh^þ
Z p
2
h0
FðhsÞðh; h^Þs^ðh^Þdh^
¼  2lm
ar1
uðIÞh ða; hÞ ð15bÞ
where r^ðh^Þ ¼ rðh^Þ=r1 and s^ðh^Þ ¼ sðh^Þ=r1 are the relative radial
and shear stress ﬁelds at the interface, and
FðrrÞðh; h^Þ;FðrsÞðh; h^Þ;FðhrÞðh; h^Þ, and FðhsÞðh; h^Þ are the Fredholm
kernels given by
FðrrÞðh; h^Þ ¼ sin h^
X1
n¼0;2;...
ð2nþ 1Þ A
ðrrÞ
n
BðrÞn
þ bE
ðrrÞ
n
FðrÞn
 !
Pnðcos hÞPnðcos h^Þ
ð16aÞFðrsÞðh; h^Þ ¼ sin h^
X1
n¼0;2;...
2nþ 1
nðnþ 1Þ
AðrsÞn
BðrÞn
þ bE
ðrsÞ
n
FðrÞn
 !
PnðcoshÞdPnðcos h^Þ
dh^
ð16bÞFðhrÞðh; h^Þ ¼ sin h^
X1
n¼2;4;...
ð2nþ 1Þ A
ðhrÞ
n
BðhÞn
þ bE
ðhrÞ
n
FðhÞn
 !
dPnðcoshÞ
dh
Pnðcos h^Þ
ð16cÞFðhsÞðh; h^Þ ¼ sin h^
X1
n¼2;4;...
2nþ 1
nðnþ 1Þ
AðhsÞn
BðhÞn
þ bE
ðhsÞ
n
FðhÞn
 !
 dPnðcos hÞ
dh
dPnðcos h^Þ
dh^
ð16dÞ
Note that stress continuity across the inclusion–matrix interface is
built-in in the integral formulation in equation set (15). Among the
numerical strategies suitable to solve equation set (15), BEM is the
most commonly used. In particular, the problem of a crack lying at
the interface of two dissimilar materials has been studied using
BEM (see for example Gao and Tan, 1992; Graciani et al., 2009;
Mantic et al., 2005; Paris et al., 2003; Tan and Gao, 1990). However,
these studies are largely focused on the analysis of plane stress and
plane strain problems.
When h0 = 0, the solution of equation set (15) is
r^ðh^Þ¼ 1mm
2
A
ðrrÞ
0
B
ðrÞ
0
þbE
ðrrÞ
0
F
ðrÞ
0
 
ðmmþ1Þ
þ
5 A
ðrsÞ
2
B
ðrÞ
2
þbE
ðrsÞ
2
F
ðrÞ
2
 
2 A
ðhsÞ
2
B
ðhÞ
2
þbE
ðhsÞ
2
F
ðhÞ
2
  
ð1mmÞ
A
ðrsÞ
2
B
ðrÞ
2
þbE
ðrsÞ
2
F
ðrÞ
2
 
A
ðhrÞ
2
B
ðhÞ
2
þbE
ðhrÞ
2
F
ðhÞ
2
 
 A
ðrrÞ
2
B
ðrÞ
2
þbE
ðrrÞ
2
F
ðrÞ
2
 
A
ðhsÞ
2
B
ðhÞ
2
þbE
ðhsÞ
2
F
ðhÞ
2
  
ð5mm7Þ
P2ðcos h^Þ
ð17aÞs^ðh^Þ ¼
5
A
ðrrÞ
2
B
ðrÞ
2
þb E
ðrrÞ
2
F
ðrÞ
2
 
2 A
ðhrÞ
2
B
ðhÞ
2
þbE
ðhrÞ
2
F
ðhÞ
2
  
ð1 mmÞ
A
ðrsÞ
2
B
ðrÞ
2
þb E
ðrsÞ
2
F
ðrÞ
2
 
A
ðhrÞ
2
B
ðhÞ
2
þbE
ðhrÞ
2
F
ðhÞ
2
 
 A
ðrrÞ
2
B
ðrÞ
2
þb E
ðrrÞ
2
F
ðrÞ
2
 
A
ðhsÞ
2
B
ðhÞ
2
þbE
ðhsÞ
2
F
ðhÞ
2
  
ð5mm7Þ
dP2ðcos h^Þ
dh^
ð17bÞ
which is consistent with Porﬁri and Gupta (2009). Note that when
g = 0, equation set (17) reduces to the interfacial stress ﬁeld for a
single solid particle (see for example Lur’e, 1964), and when g = 1,
equation set (17) vanishes since the hollow inclusion becomes a
void.
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In order to minimize the computational effort, a novel tech-
nique based on the Galerkin method is proposed to ﬁnd a numer-
ical solution to equation set (15). The technique is based on the
Galerkin methods conventionally used to cope with stress singu-
larities and discontinuities (see for example Batra et al., 2008;
Ching and Batra, 2001; Fleming et al., 1997; Krongauz and Bely-
tschko, 1998). The stress ﬁelds are expanded as a linear combina-
tion of independent basis functions in L2ðh0;p=2Þ and the
coefﬁcients of the expansion are determined by projecting the
integral equations onto the basis sets (see for example Babolian
and Delves, 1979; Naylor and Sell, 1994; Rabbani et al., 2007).
More speciﬁcally, the stress ﬁelds are expressed as
r^ðhÞ ¼
Xdþ1
n¼0
aðrÞn q
ðrÞ
n ðhÞ ð18aÞ
s^ðhÞ ¼
Xdþ1
n¼0
aðsÞn q
ðsÞ
n ðhÞ ð18bÞ
where aðrÞn and a
ðsÞ
n are unknown coefﬁcients, q
ðrÞ
n ðhÞ and qðsÞn ðhÞ de-
note the basis functions, and 2d + 4 is the total number of basis
functions used for the approximation. The coefﬁcients aðrÞn
n odþ1
n¼0
and aðsÞn
n odþ1
n¼0
are determined by solving the following set of
2d + 4 linear equations
Xdþ1
n¼0
aðrÞn
Z p
2
h0
Z p
2
h0
FðrrÞðh; h^ÞqðrÞn ðh^ÞqðrÞr ðhÞdhdh^
þ
Xdþ1
n¼0
aðsÞn
Z p
2
h0
Z p
2
h0
FðrsÞðh; h^ÞqðsÞn ðh^ÞqðrÞr ðhÞdhdh^
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Z p
2
h0
2lm
ar1
uðIÞr ða; hÞqðrÞr ðhÞdh ð19aÞ
Xdþ1
n¼0
aðrÞn
Z p
2
h0
Z p
2
h0
FðhrÞðh; h^ÞqðrÞn ðh^ÞqðsÞr ðhÞdhdh^
þ
Xdþ1
n¼0
aðsÞn
Z p
2
h0
Z p
2
h0
FðhsÞðh; h^ÞqðsÞn ðh^ÞqðsÞr ðhÞdhdh^
¼ 
Z p
2
h0
2lm
ar1
uðIÞh ða; hÞqðsÞr ðhÞdh ð19bÞ
In this study, the projection is performed for different values of h0 to
address the inﬂuence of the debonding extent on the stress ﬁelds.
Note that the displacement continuity across the interface is only
satisﬁed in an integral sense, since equation set (15) is projected
on a ﬁnite dimensional basis set.
The basis functions are selected so that qðrÞn ðhÞ ¼ cos2n4 h and,
consistently, qðsÞn ðhÞ ¼ cos2n3 h sin h, for nP 2. Note that the even
nth Legendre polynomial is a linear combination of the ﬁrst even
n powers of cosh; similarly, the corresponding derivative with re-
spect to h is a linear combination of the ﬁrst odd powers of cosh
multiplied by sinh. The basis functions qðrÞn ðhÞ
n odþ1
n¼2
and
qðsÞn ðhÞ
n odþ1
n¼2
are used in place of the Legendre polynomials and
their derivatives to simplify the numerical computations.
In addition, both the basis function subsets are enriched by two
functions that grasp the singular behavior of the radial and shear
stress distribution in the proximity of the crack tip. The special
functions qðrÞ0 ðhÞ; qðrÞ1 ðhÞ; qðsÞ0 ðhÞ, and qðsÞ1 ðhÞ depend on the mis-
match between the elastic constants of the matrix and inclusion
materials as well as the debonding extent (see for example Alten-
bach et al., 1995; Martynenko and Lebedyeva, 2006; Noda et al.,
2003; Teng, 1992; Willis, 1971). By following (Martynenko andLebedyeva, 2006), the singular behavior of the stress ﬁelds at the
debonding tip of a spherical crack at the interface of two dissimilar
media is expressed as a linear combination of two functions
nðhÞ ¼ sin c log sin
h
2 sin h02
	 
 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sin h2 sin h02
q ð20aÞ
fðhÞ ¼ cos c log sin
h
2 sin h02
	 
 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sin h2 sin h02
q ð20bÞ
where c is the mismatch parameter deﬁned in Dundurs (1969) as
c ¼ 1
2p
log
3bþ 1 4bmi
3þ b 4mm ð21Þ
Note that c vanishes when the two materials have same properties.
In this case, n(h) = 0 whereas f(h) = [sin(h/2)  sin(h0/2)]1/2, that is,
the asymptotic ﬁeld has a leading order singularity of (h  h0)1/2
and does not exhibit oscillations. Differently from (Martynenko
and Lebedyeva, 2006), in this study, two symmetric spherical cracks
are analyzed, requiring the special functions to be scaled as
qðrÞ0 ðhÞ ¼ nðhÞ 
dnðhÞ
dh

h¼p2
h ð22aÞ
qðrÞ1 ðhÞ ¼ fðhÞ 
dfðhÞ
dh

h¼p2
h ð22bÞ
qðsÞ0 ðhÞ ¼ nðhÞ  n
p
2
 
ð22cÞ
qðsÞ1 ðhÞ ¼ fðhÞ  f
p
2
 
ð22dÞ
to satisfy equation set (1).
The integrals involving only trigonometric functions in equation
set (19) are analytically evaluated; whereas, the integrals involving
the singularity functions are numerically computed after a regular-
izing change of variables that suppresses the singularity at h0. In
addition, since the kernel summands are separable products in
the h and h^ variables, all the double integrations are reduced to a
product of two single integrations.
4.2. Finite element analysis
Semi-analytical results are compared with ﬁnite element anal-
ysis conducted using the commercial code ANSYS 11.0. The model
consists of a spherical inclusion in a cylindrical domain which is re-
duced to a two-dimensional model using the axisymmetry dis-
cussed above. The cylindrical domain is selected for conveniently
applying boundary conditions. The cylinder diameter is equal to
its height. PLANE82 elements are selected for meshing both the
inclusion and the surrounding matrix. This element provides op-
tions of either a triangular conﬁguration with six nodes or a rectan-
gular conﬁguration with eight nodes. The triangular conﬁguration
is selected in the whole model to optimize the mesh in proximity
of the curved boundaries in the geometry. For convenience, a unit
radius (a = 1) is selected for the inclusion and a unit remote loading
is applied (r1 = 1). The particle volume fraction is 6.7  104 in or-
der to approximate the case of an inﬁnitely dilute dispersion of
inclusions consistently with equation set (15). The bonded portion
of the inclusion–matrix interface is implemented by gluing the
adjacent surfaces of the matrix and inclusion. To compare displace-
ment proﬁles, the inclusion wall thickness is ﬁxed at g = 0.936 and
simulations are conducted with four different debonding angles
(15, 30, 45, and 60). This value of g is selected to correspond
to the wall thickness of K46 type hollow particles supplied by
3M, MN, which are commonly used in many experimental studies
(see for example Tagliavia et al., 2010; Tagliavia et al., 2009). Fig. 4a
shows the deformed and undeformed shapes in a typical model.
Fig. 4. The deformed shape under tensile loading, undeformed edges, and the mesh (a) and close up of the debonded particle (b) obtained in a typical ﬁnite element analysis
result.
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can also be observed in Fig. 4b. The y-displacement of the point
having coordinates (ga,0) and the x-displacement of the points
on the y-axis are set to zero.4.3. Boundary element analysis
Semi-analytical results are also compared with BEM ﬁndings. As
opposed to the Galerkin method, the BEM uses a set of test func-
tions different from the set of basis functions (see for example
Banerjee, 1994). In this study, piecewise constant functions are
used as basis functions, while delta distributions are selected as
test functions. Therefore, equation set (15) reduces to the following
system of 2N equations in 2N unknowns
XN
j¼1
r^j
Z hjþ1
hj
FðrrÞðhi; h^Þdh^þ
XN
j¼1
s^j
Z hjþ1
hj
FðrsÞðhi; h^Þdh^
¼  2lm
ar1
uðIÞr ða; hiÞ ð23aÞXN
j¼1
r^j
Z hjþ1
hj
FðhrÞðhi; h^Þdh^þ
XN
j¼1
s^j
Z hjþ1
hj
FðhsÞðhi; h^Þdh^
¼  2lm
ar1
uðIÞh ða; hiÞ ð23bÞ
Here, the range [h0,p/2] is divided in N equally spaced subdomains,
r^j and s^j are the solutions’ values in each subdomain, and hi are the
collocation stations selected as the mid point of each subdomain. By
solving equation set (23), the coefﬁcients fr^jgNj¼1 and fs^jgNj¼1 are
determined. By iterating this procedure for a set of different values
of h0, the dependence of the solution on the debonding extent is
analyzed.5. Analysis
In this section, microscopic and effective aspects of the debond-
ing are analyzed, including stress concentration at the debonding
tip, cavity formation in the debonded regions, and the effective
elastic modulus of the composite.5.1. Debonding energetics
The spherical-cap cracks located at the poles of the spherical
inclusion cause a loss of isotropy of the syntactic foam. For a ran-
dom distribution of the inclusion, the syntactic foam may be con-
sidered as a transversely isotropic material with axis of symmetry
aligned with the loading direction. In case of low inclusion volume
fraction, the syntactic foam tensile modulus Eeff can be computed
by following the classical arguments in Christensen (1979) and
using the stress and displacement ﬁelds for the single inclusion
problem studied in this work. In particular, the elastic energy
stored in the composite is decomposed as
U ¼ U0 þ UINT ð24Þ
where U0 is the energy stored in case the partially debonded inclu-
sion is replaced with the matrix material and UINT is the interaction
energy between the matrix and the inclusion. Further, the energies
U and U0 can be expressed as
U ¼ 1
2
4pa3r21
3EeffU
ð25aÞ
U0 ¼ 1
2
4pa3r21
3EmU
ð25bÞ
where U is the volume fraction of the inclusion. The interaction en-
ergy UINT is computed by using Eshelby’s formula and accounting
for existing symmetries as
UINT ¼ 2p
Z p
2
0
½r0rrða; hÞurðaþ; hÞ þ s0rhða; hÞuhðaþ; hÞa2 sin hdh
 2p
Z p
2
0
½rðhÞu0r ða; hÞ þ sðhÞu0hða; hÞa2 sin hdh ð26Þ
where the superscript 0 refers to ﬁelds computed in case the par-
tially debonded inclusion is replaced with the matrix material. Note
that the stress ﬁelds in this case correspond to the remote stress in
equation set (3) for which the relative displacement ﬁelds can be
obtained from equation set (A2). By combining and manipulating
Eq. (24) and equation set (25), the change in the relative effective
elastic compliance per unit inclusion volume fraction
S ¼ ðEm=Eeff  1Þ=U is computed as a function of debonding angle,
matrix Young’s modulus, remote stress, and inclusion radius as
Fig. 5. Local coordinate system used to evaluate the kink angle.
Fig. 6. Oscillating behavior of the singularity functions jn(h)jand jf(h)j. Note that the
functions tend to zero in proximity of the spikes.
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2
UINT
Em
pa3r21
ð27Þ
The elastic modulus of the composite is readily computed from S,
which is independent ofU. Note that Eq. (27) is expected to be valid
only for small inclusion volume fractions, since it is based on the
solution of a single inclusion problem and thus neglects particle-
to-particle interactions. A comparison between experimental re-
sults and theoretical predictions based on the dilute solution for
perfectly bonded inclusions is presented in Huang and Gibson
(1993). The dilute dispersion solution can be potentially extended
to concentrated systems by using available differential schemes
(see for example Porﬁri and Gupta, 2009) or by considering multi-
phase models (see for example Marur, 2005). In addition, note that
fully characterizing the constitutive behavior of the effective med-
ium would require changing the loading conditions.
The strain energy release rate is deﬁned as the opposite of the
derivative of the total potential energy of the system with respect
to the crack surface (see for example Hutchinson, 1979). Thus, by
using Eq. (24) and equation set (25) the dimensionless strain
energy release rate is expressed as
G ¼ Em
ar21
dUINT
dS
¼ Em
4pa3r21 sin h0
dUINT
dh0
ð28Þ
where S is the total surface of the debonded regions that is given by
S = 4pa2(1  cosh0). Note that a similar approach based on Eshelby’s
formula has been used in Taya (1981) to compute both the effective
elastic modulus and the strain energy release rate of an aligned
short-ﬁber reinforced composite containing ﬁber-end cracks.
As the debonding extent increases, the volume of the two sym-
metric cavities in the proximity of the particle poles increases. A
measure of the void formation is the dimensionless maximum
crack opening displacement that corresponds to 2lmsurt(0)/(ar1).
5.2. Stress ﬁelds in the proximity of the debonding tip
The crack growth along the inclusion–matrix interface is a com-
bination of crack opening (mode I) and crack sliding (mode II). The
relative inﬂuence of modes I and II on the fracture properties can
be quantiﬁed by using the mode mixity index, see for example
the comprehensive review (Mantic and Paris, 2004). The fracture
mode mixity tanw is deﬁned as the ratio of the shear to the radial
stress at the interface in the zone ahead of the crack tip (see for
example Banks-Sills and Ashkenazi, 2000; Hutchinson and Suo,
1992; Mantic, 2009; Rice, 1988),
tanw ¼ srhða; h0 þ hlÞ
rrrða; h0 þ hlÞ ð29Þ
where hl is a geometric reference used to quantify the stress state
ahead the crack tip. Since the selection of hl is arbitrary, different
proﬁles for w are possible. However, tanw is relatively independent
of hl for hl in the range [0.01,1] (see for example Mantic, 2009).
Note that the angle w represents the phase lag between the imagi-
nary and real part of the complex stress intensity factor deﬁned for
two-phase systems (see for example Mantic and Paris, 2004).
In the proposed model, debonding is considered as the sole fail-
ure mode for the composite under uniaxial tension. Nevertheless,
an increase of the debonding extent is expected to generally lead
to crack kinking into the softer matrix material. Crack kinking is
described by the kink angle, that is, the direction of the deﬂected
crack moving away from the interface (see for example He and
Hutchinson, 1989; Mukai et al., 1990). In accordance with the clas-
sical literature on ﬁber reinforced composites, the maximum cir-
cumferential stress criterion is used in this study to predict the
kink angle (see for example Erdogan and Sih, 1963). Therefore,
referring to the local coordinate system centered at the crack tipdisplayed in Fig. 5, the kink angle is the angle ~h of the maximum
circumferential stress. Note that alternative criteria for crack kink-
ing in ﬁber reinforced composites are discussed in Correa et al.
(2008); Paris et al. (2003); Paris et al. (2007); these criteria can also
be adapted to syntactic foams.6. Results and discussion
6.1. Simulation parameters
The syntactic foam considered in this study consists of vinyl es-
ter as matrix and glass hollow particles as inclusions. The numer-
ical results are computed using Em = 3.21 GPa, mm = 0.3, Ei = 60 GPa,
and mi = 0.21 (see for example Tagliavia et al., 2010). Consequently,
the material mismatch parameters are b = 4.98  102 and
c = 8.16  102, respectively. The singularity functions used in
the Galerkin method, see equation set (20), present an oscillating
behavior in the vicinity of the crack tip. In Fig. 6, jn(h)jand jf(h)jare
plotted in double logarithmic scale in the range [1060,1] as a func-
tion of sin(h/2)  sin(h0/2). Since an initial crack is assumed to exist
at the particle poles, sin(h/2)  sin(h0/2) is always less than one.
Note that the ﬁrst oscillation encountered on the coordinate h
when approaching the crack tip from the equatorial region is
a b
Fig. 7. Non singular basis functions subsets for radial (a) and shear (b) interface ﬁelds in the Galerkin method.
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c = 8.16  102, the ﬁrst oscillation occurs when sin(h/2) 
sin(h0/2) = 4.40  109, that is, when (h  h0)  cos(h0/2) ’
2(4.40  109). Thus, as h0 increases, the ﬁrst oscillation is attained
further from the crack tip. Note that since the zeros of the singu-
larity functions are nearly evenly spaced in logarithmic scale, the
stress oscillations progressively increase their frequency on
approaching the crack tip. In other words, the stress proﬁles
exhibit chattering at the crack tip as shown in Fig. 6.
Fig. 7 shows the behavior of the functions that complete the ba-
sis sets in the Galerkin method, and that the two subsets satisfy the
symmetry conditions in equation set (1). In this work, d in equation
set (18) is chosen equal to four.
Since the kernels in equation set (15) are expressed by inﬁnite
series, each numerical solution is approximated by truncating the
kernels to the ﬁrst T terms. In order to ensure the convergence of
the solution and to obtain a sufﬁciently accurate description of
the stress ﬁelds, T and N are selected as 501 and 100, respectively,
in the BEM implementation. In the Galerkin method, T is selected
to be 351. The numerical integrations are computed independently
of g, thus allowing for direct parametric studies on the effect of
wall thickness. Such studies require extensive computational ef-
forts when using FEM due to apparent changes in the problem
geometry.a
Fig. 8. Radial (a) and shear (b) stress at the interface for four different debond6.2. Comparison of computational methods
The solutions of equation sets (19) and (23) are compared in
Fig. 8 for both radial and shear stresses at the interface, for four
debonding angles and for the selected inclusion wall thickness
g = 0.936. Since the chattering of the singularity functions in the
proximity of h0 causes an inﬁnite number of oscillations in a close
interval [h0,p/2], the Galerkin solutions are plotted in the range
[h0 + 1.7  105,p/2]. Fig. 8 shows the inﬂuence of the debonding
extent on the interfacial stress proﬁles. The radial stress exhibits
a trend such that, at smaller debonding angles, the bonded inter-
face is under tensile stress. However, as the debonding angle h0 in-
creases, part of the interface that is close to the x-axis can be under
compression, as observed in Fig. 8a. In addition, the progressive
reduction in the radial stress represents weakening of the contact
interface and reduction in the load transfer from the matrix to
the inclusion. In Fig. 8b, the trend exhibited by the shear stress
shows that as h0 increases, the shear transfer between the particle
and the matrix becomes prominent.
The change in the relative effective compliance per unit inclu-
sion volume fraction computed using the proposed Galerkin meth-
od is compared with the corresponding quantity computed using
the BEM, for completeness. The relative error is deﬁned as
jS Gal=SBEM  1jwhereSGal andSBEM are the relative compliancesb
ing extents. In all cases, g = 0.936 (line: Galerkin method and dots: BEM).
Fig. 10. Dimensionless circumferential stress at the inner surface of the inclusion
for four different debonding extents. In all cases, g = 0.936 (line: Galerkin method
and dots: FEM).
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the Galerkin method and the BEM, respectively. The error values
are 0.15%, 1.12%, 2.45%, and 0.62% for 15, 30, 45, and 60, respec-
tively. The methods show good agreement in computing the
change in relative effective compliance per unit inclusion volume
fraction, therefore providing validation for the computationally
efﬁcient Galerkin method.
Once the solutions r(h) and s(h) are obtained from the Galerkin
method, the coefﬁcients in equation set (8) can be computed.
Hence, the displacement ﬁelds of subproblems II and III can be cal-
culated through equation sets (10) and (13) by truncating the sum-
mations in equation sets (11) and (14) to the ﬁrst 251 summands.
The results for interfacial opening and sliding displacements and
the circumferential stress at the inner surface of the inclusion are
presented in Figs. 9 and 10. These results are validated through
comparison with FEM ﬁndings and show close agreement. The rel-
ative error between these two methods for a selected ﬁeld k(h) is
deﬁned as
XN
i¼1
kGalðhiÞ  kFEMðhiÞ
 2" #1=2 XN
i¼1
kGalðhiÞ
 2" #1=2
ð30Þ
where hi are the zenith angles of the nodes used in the FEM and the
superscripts Gal and FEM identify the ﬁeld values computed using
the Galerkin method and the FEM, respectively. For the circumfer-
ential stress, the difference spans in the range 0.34–0.48% for the
entire range of h0. Moreover, for the case of the interfacial opening
displacement, the discrepancy decreases from 1.06% to 0.11% as the
debonding extent increases from 15 to 60. The interfacial sliding
displacement values show difference in the range of 0.38% for the
60 case to 3.8% for the 15 case.
The proposed Galerkin method allows for accurately predicting
the deformations and state of stress in the single inclusion prob-
lem, while minimizing the required computational effort. Only
twelve unknowns are used in this approach against the large num-
bers of degrees of freedom in FEM and BEM. In addition, the meth-
od allows for naturally capturing the oscillatory behavior of the
stress ﬁelds at the crack tip without requiring computationally
expensive reﬁned grids that are typically needed in FEM and
BEM (see for example Graciani et al., 2009).
6.3. Parametric study
Results presented in the previous section are obtained at a con-
stant particle wall thickness. The role of particle wall thickness ina
Fig. 9. Opening (a) and sliding (b) interfacial displacement at the interface for four differdeﬁning the elastic properties of syntactic foams is well under-
stood (see for example Porﬁri and Gupta, 2009). In fact, wall thick-
ness is known to have advantage over volume fraction variation
approach in obtaining syntactic foams with similar mechanical
properties, while having lower density. Thus, in this section the ef-
fect of g is explored in greater detail through a parametric study. In
the simulations, the debonding angle is varied with a 5 discrete
step and results are graphically interpolated in the range
[5,60]. The strain energy release rate in Eq. (28) is computed by
ﬁrst ﬁtting UINT with a polynomial function of h0 and then differen-
tiating with respect to h0. The solution in equation set (17) is used
to compute UINT at h0 = 0.
Fig. 11 shows the effect of particle wall thickness on the stress
distribution at the interface for the selected debonding angle
h0 = 15. However, the following observations can be generalized
for any debonding extent. Results for six different values of g are
presented, spanning from a near solid particle (g = 0.1), to a thin
walled particle (g = 0.9). As shown in Fig. 11, the sensitivity of
the radial and shear stresses to particle wall thickness progres-
sively increases as g approaches to one. Namely, the rate of change
of the stress distributions with respect to g is higher with decreas-
ing wall thickness. This is relevant to experimental studies since, inb
ent debonding extents. In all cases, g = 0.936 (line: Galerkin method and dots: FEM).
a b
Fig. 11. Effect of particle wall thickness on the radial (a) and shear (b) stress at the interface, for the selected debonding angle h0 = 15.
Fig. 13. Dimensionless strain energy release rate as a function of g and h0.
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syntactic foams. As a consequence of increased sensitivity of radial
stress at decreasing wall thickness, the energy required to open the
interfacial crack reduces, resulting in weakening of the composite
and reduced load transfer from matrix to the inclusion. Compared
to the radial stress, the inﬂuence of g on the shear stress distribu-
tion is less pronounced, as observed in Fig. 11b. Furthermore, note
that the localization phenomena is present in the radial stress ﬁeld
as well. In addition, as the wall thickness of the particle increases,
the interface close to the equatorial region of the particle may
experience compressive radial stress. On the other hand, sign
changes in the shear stress at the interface are not observed.
Figs. 12 and 13 illustrate the dependence of the debonding
energetics on g and h0 in 2D contour plots. The debonding angle
and the radius ratio are varied from 5 to 60 and from 0.01 to
0.94, respectively, to encompass mild to very severe debonding
scenarios as well as near solid to very thin inclusions. As the deb-
onding angle is increased and g is kept constant, the relative effec-
tive compliance per unit inclusion volume fractionS increases, see
Fig. 12. This ﬁgure clearly shows that the composite stiffness in-
creases with particle wall thickness. Thinner walled particles result
in composites with lower stiffness, but the variation in stiffness of
such composites as the debonding extent changes is smaller. In
Fig. 12, a dashed line identiﬁes the points where S is zero, that
is, Eeff = Em. The region below this line includes all syntactic foamFig. 12. Change in the relative effective compliance per unit inclusion volume
fraction, see Eq. (27), as a function of g and h0.conﬁgurations that provide an advantage in the composite modu-
lus with respect to the neat matrix. The debonding angle that char-
acterizes the transition between the two regions in most part of
this plot is close to 52.5. For g > 0.65, this value starts decreasing
and rapidly drops as g becomes larger than 0.85. This trend hints
that there is a limit of stiffening that can be obtained through par-
ticle wall thickness selection, irrespective of the debonding sever-
ity. This behavior is in line with the case of perfectly bonded
interfaces (see for example Porﬁri and Gupta, 2009; Tagliavia
et al., 2010).
Fig. 13 shows variation in the dimensionless strain energy re-
lease rate G as a function of g and h0, see Eq. (28). The dashed line
in the plot represents the locus of the maxima. It is observed that
ﬁrst G increases, reaching a maximum value and then starts
decreasing. This implies that unstable crack growth transitions to
stable growth after crossing the maximum in the strain energy re-
lease rate. The maximum value of G that partitions the stable and
the unstable crack growth conﬁgurations is dependent on the par-
ticle wall thickness, as well as on the corresponding critical deb-
onding angle, see Fig. 13. The threshold for stable crack growth
shifts towards higher debonding angles as g increases. Approxi-
mately, the critical debonding angle for maximum G changes from
44 to 60 over the entire range of inclusion wall thicknesses and
the maximum value of G decreases accordingly from 0.92 to
0.55. Hence, thinner particles increase the limit of debonding ex-
tent required for stable crack growth. The strain energy release rate
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and an unstable part, is also observed for ﬁber reinforced compos-
ite (Paris et al., 2003; Paris et al., 2007). This analysis conﬁrms the
same trend for particulate composites and highlights a strong
dependence of the strain energy release rate on the particle wall
thickness, especially for very thin to moderately thick particles,
typically used in the synthesis of syntactic foams. However, this
notion of stability is conﬁned to the specialized scenario in which
the two cracks grow symmetrically.Fig. 14. Maximum crack opening displacement as a function of g and h0.
Fig. 15. Mode mixity w as a function of g and h0.
Fig. 16. Kink angle as a function of g and h0 in the local coordinate system (a)Fig. 14 shows the dimensionless maximum crack opening dis-
placement as a function of g and h0. As the particle wall thickness
increases, the volume of the cavities forming at the particle–matrix
debonded interface increases. This phenomenon is due to inclusion
stiffening at higher wall thickness, that, in turn, reduces the parti-
cle deformation and results in greater deformation of the softer
embedding matrix.
The angle w that identiﬁes the mode mixity in crack growth is
presented in Fig. 15. The mode mixity remains almost constant
in the total range of g. The angle w = 45 identiﬁes the locations,
marked by the dashed line in Fig. 15 where mode I and mode II
have equal inﬂuence on the crack growth. In the region below this
line, the crack growth is mainly led by the radial stress and the
crack mode is mainly of type I. Thus, for debonding angles
h0 > 25, mode II crack growth is dominant and the contribution
of mode I decreases as the debonding angle increases. The trend
shown in Fig. 15 agrees with the results reported in Mantic
(2009) for debonding in ﬁber composites. More speciﬁcally, the
variation in w for a nearly solid particle (g = 0.01) is comparable
with that observed in ﬁber reinforced composites, where plane
strain conditions are enforced (see for example Mantic, 2009). In
the debonding range [5,60], jwjvaries between 17 and 89 for
the glass-vinyl ester syntactic foams, while a variation in the range
[17,87] is reported in Mantic (2009) for glass–epoxy ﬁber rein-
forced composites.
As shown in Fig. 5, the circumferential stress is calculated on a
circle of radius 0.01a centered at the crack tip to predict the kink
angle. The selection of this characteristic distance is in line with
the results presented in Correa et al. (2008) and Paris et al.
(2007). In Figs. 16a and b, the local angular position ~h and the glo-
bal angular position d, deﬁned in Fig. 5, of the kink angle are pre-
sented, respectively. The two angles are related by
d ¼ p=2þ h0  ~h. The kink angle ~h increases as a function of both
the particle wall thickness and the debonding angle, see Fig. 16a.
However, the inﬂuence of the particle wall thickness is more evi-
dent for low debonding extents. More speciﬁcally, as shown in
Fig. 16a, for h0 = 5, the local kink angle varies from 25 to 39,
while for h0 = 60 the variation spans from 69 to 70. The incre-
ment of ~h as a function of the debonding angle, for a ﬁxed value
of g, is related to the changes of the global direction of the kinking
crack. For low values of g, the increment of ~h as a function of h0 is
almost linear; thus, the global direction of the kinking crack d does
not change signiﬁcantly, see Fig. 16b. At lower values of particle
wall thickness, the global direction of kinking has a stronger
dependence on h0 and crack tends to become perpendicular to
the loading direction reaching 80 at g = 0.94 and h0 = 60.and in the global coordinate system with respect to the load direction (b).
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In this paper, the effect of particle–matrix debonding on the
tensile response of syntactic foams has been studied through
the analysis of a single inclusion problem. A reduced 2D model
of a single spherical inclusion in an inﬁnite uniaxially loaded
matrix has been computationally analyzed. An integral
formulation has been proposed for the problem of two equal
spherical-cap cracks forming at the poles of the inclusion, which
accounts for both radial and shear load transfer at the contact
interface. A computationally efﬁcient method, based on the
Galerkin method, has been implemented to characterize stress
concentrations and proﬁles at the particle–matrix interface and
has been validated through comparison with results from FEM
and BEM analysis.
A parametric study has been conducted to asses the inﬂuence
of the debonding extent and particle wall thickness on the overall
elastic properties of syntactic foams. The debonding energetics
has been studied to assess the effects of the crack growth on
the macroscopic elastic properties of the composite. Critical con-
ditions of crack growth have been determined by using strain en-
ergy release rate-based criteria. Investigations on crack growth
modalities in two-phase systems, including fracture mode mixity
and kink angle, have been conducted. Simulation results show
that both debonding and particle wall thickness contribute to
determining the composite properties. Conditions for stable crack
growth can be adjusted by modifying the geometrical parameters
of the particles as well as the mismatch between the constituents’
properties.
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A.1. Lur’e general solutions for displacements and stresses in spherical
coordinates
The deformations of an isotropic and homogenous body in ab-
sence of bulk loads are described by the Navier–Cauchy equation
ðkþ lÞrðr  uÞ þ lDu ¼ 0 ðA1Þ
where k and l are the Lamé’s constants and u is the displacement
vector. Referring to the spherical coordinate system in Fig. 2,
assuming cylindrical symmetry with respect to the y-direction,
and symmetry with respect to the xz-plane, the nonzero compo-
nents of the displacement and stress ﬁelds can be expressed as
(Lur’e, 1964)
urðr; hÞ ¼
X1
n¼0;2;...
Anðnþ 1Þðn 2þ 4mÞrnþ1 þ Bnnrn1

þCn
rn
nðnþ 3 4mÞ  Dnðnþ 1Þ
rnþ2

Pnðcos hÞ ðA2aÞuhðr; hÞ ¼
X1
n¼2;4;...
Anðnþ 5 4mÞrnþ1 þ Bnrn1

þCn
rn
ðnþ 4 4mÞ þ Dn
rnþ2

dPnðcos hÞ
dh
ðA2bÞ
rrrðr; hÞ ¼ 2l
X1
n¼0;2;...
Anðnþ 1Þðn2  n 2 2mÞrn þ Bnnðn 1Þrn2

 nCn
rnþ1
ðn2 þ 3n 2mÞ þ Dnðnþ 1Þðnþ 2Þ
rnþ3

Pnðcos hÞ ðA2cÞ
srhðr; hÞ ¼ 2l
X1
n¼2;4;...
Anðn2 þ 2n 1þ 2mÞrn þ Bnðn 1Þrn2

þ Cn
rnþ1
ðn2  2þ 2mÞ  Dnðnþ 2Þ
rnþ3

dPnðcos hÞ
dh
ðA2dÞ
rhhðr; hÞ ¼ 2l
X1
n¼2;4;...
Anðn2 þ 4nþ 2þ 2mÞðnþ 1Þrn þ n2Bnrn2

 Cn
rnþ1
nðn2  2n 1þ 2mÞ þ Dnðnþ 1Þ
2
rnþ3
#
Pnðcos hÞ
 Anðnþ 5 4mÞrn þ Bnrn2 þ Cnrnþ1 ðnþ 4 4mÞ

þ Dn
rnþ3

dPnðcos hÞ
dh
cot h

ðA2eÞ
where An, Bn, Cn, and Dn are unknown coefﬁcients, m is the Poisson’s
coefﬁcient, and Pn(cosh) is the nth Legendre polynomial. For even
indices, the Legendre polynomials and their derivatives are orthog-
onal with respect to h in the range [0,p/2]. In addition,Z p
2
0
Pnðcos hÞPnðcos hÞ sin hdh ¼ 12nþ 1 ðA3aÞZ p
2
0
dPnðcos hÞ
dh
dPnðcos hÞ
dh
sin hdh ¼ nðnþ 1Þ
2nþ 1 ðA3bÞA.2. Elastic properties
The Young’s modulus and Poisson’s ratio can be written in
terms of the Lame´’s constants as
E ¼ l3kþ 2l
kþ l ðA4aÞ
m ¼ k
2ðkþ lÞ ðA4bÞA.3. Coefﬁcients in equation set (10)
AðrrÞn ¼ mm þ nð2nðmm  1Þ þ 5mm  4Þ  1 ðA5aÞ
AðrsÞn ¼ nðnþ 1Þð2mmn nþ 3mm  3Þ ðA5bÞ
BðrÞn ¼ ðnþ 2Þðn2  2mmnþ n mm þ 1Þ ðA5cÞ
AðhrÞn ¼ ð2mmn nþ 3mm  3Þ ðA5dÞ
AðhsÞn ¼ 4ðmm  1Þ þ nð2nðmm  1Þ þ 7mm  5Þ ðA5eÞ
BðhÞn ¼ BðrÞn ðA5fÞA.4. Coefﬁcients in equation set (13)
CðArÞn ¼ ð2nþ 1Þðn2 þ 2mi  2Þg2n þ nðnþ 2Þð2n 1Þg2nþ2
 2ðn2  2minþ n mi þ 1Þg ðA6aÞ
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 1Þg2nþ2 þ 2ðn2  2minþ n mi þ 1ÞgÞ ðA6bÞDðAÞn ¼ ð2nþ 1Þ2 4m2i þ ðn2  1Þnðnþ 2Þ þ 4
	 
ðg2n
þ g2nþ4Þ þ 2ðn2  1Þnðnþ 2Þð2n 1Þð2nþ 3Þg2nþ2
þ 4½ðn2 þ nþ 1Þ2  ð2nmi þ miÞ2ðg4nþ3 þ gÞ ðA6cÞ
CðBrÞn ¼ g g2nþ1 2ðg2  1Þn5 þ ð5g2  3Þn4 þ ð6 4miÞn3
		
þð5g2  6mi þ 9Þn2 þ 6 8m2i
	 

g2 þ 4ðmi  1Þ
	 

n
þ6ðmi  1Þ  4g2 m2i  1
	 

 2ðnðnþ 2Þ þ 2mi  1Þðn2
2minþ n mi þ 1ÞÞ ðA6dÞ
CðBsÞn ¼ ðnþ 1Þg 2ðg2  1Þn5 þ ð5g2  7Þn4 þ 4min3
		
þð5g2 þ 2mi þ 9Þn2 þ g2 6 8m2i
	 
 6mi	 
n
4g2 m2i  1
	 


g2nþ1 þ 2ðn2  2minþ n mi
þ1Þððn 1Þn 2ðmi þ 1ÞÞÞ ðA6eÞ
DðBÞn ¼ ðn 1ÞDðAÞn ðA6fÞ
CðCrÞn ¼ ð2ðn2 þ 2minþ nþ mi þ 1Þg2nþ3 þ 3g2 þ 2mi
þ n2ðð2nþ 3Þg2 þ 2nþ 5Þ þ 2nðg2 þ 2miÞ  1Þg2n ðA6gÞ
CðCsÞn ¼ ðnþ 1Þð2ðn2 þ 2minþ nþ mi þ 1Þg2nþ3 þ 2ðmi þ 1Þ
þ nð3g2 þ nðg2 þ 2nðg2  1Þ þ 1Þ þ 4mi þ 5ÞÞg2n ðA6hÞ
DðCÞn ¼ DðAÞn ðA6iÞ
CðDrÞn ¼ 2ðg2  1Þn5 þ ðgð2g2n þ 5gÞ  7Þn4 þ 2ðg2nþ1  1Þ
	
ð2mi þ 1Þn3 þ ð6mi þ gðg2nð6mi  2Þ  5gÞ þ 7Þn2
þ2 2mi þ gð2ðmi  1Þð2mi þ 1Þg2n þ 3 4m2i
	 

gÞ  1	 
n
þ4gðg2n  gÞ m2i  1
	 


g2nþ2 ðA6jÞ
CðDsÞn ¼ n 2ðg2  1Þn5 þ ðgð2g2n  5gÞ þ 3Þn4 þ 4ðg2nþ1  1Þ
	
ðmi þ 2Þn3 þ ð10mi þ gð2ð5mi þ 4Þg2n þ 5gÞ  13Þn2
2 ðmi  1Þð4mi þ 3Þg2nþ1 þ 3 4m2i
	 

g2 þ mi
	 

n
4ðmi þ 1Þðgðmig2n  migþ gÞ  1Þ


g2nþ2 ðA6kÞ
DðDÞn ¼ ðnþ 2ÞDðAÞn ðA6lÞA.5. Coefﬁcients in equation set (14)
EðrrÞn ¼ð2nþ1Þ2ðn2þn2Þ ð4mi3Þðn2þnÞþ8m2i 12miþ4
	 

g2n
þ2nð4n5þ12n4þn318n25nþ6Þð2mi1Þg2nþ2
ð2nþ1Þ2 n4þ2n3n22n4m2i þ4
	 

g2nþ4
þ4ðn1Þ 2ðmi1Þn4þ 4m2i þ3mi6
	 

n3
	
þ 12m2i 2mi7
	 

n2þ 7m2i 5
	 

nþm2i 1


g4nþ3
4ðnþ2Þ 2ðmi1Þn4þ 4m2i þ5mi2
	 

n3þðmi1Þn2
	
þ 5m2i 5miþ1
	 

nþ2m2i 3miþ1


g ðA7aÞ
EðrsÞn ¼ nðnþ 1Þ ð2nþ 1Þ2ðn2 þ n2Þðn2 þ nþ 6mi 6Þg2n

þ2ð4n4 þ 8n3  7n2  11nþ6Þðn2 þ nþ mi 1Þg2nþ2
ð2nþ1Þ2 n4 þ2n3  n2  2n4m2i þ 4
	 

g2nþ4
þ4ðn1Þ ð2mi  1Þn3 þ 4m2i þ 3mi 4
	 

n2 þ 8m2i 2mi  4
	 

n
	
þ3 m2i 1
	 


g4nþ3 þ4ðnþ2Þ ð2mi  1Þn3 þ 4m2i þ 3mi þ1
	 

n2
	
2minþ nþ m2i 3mi þ 2


g

 ðA7bÞFðrÞn ¼ ðnþ 2Þðn 1ÞDðAÞn ðA7cÞ
EðhrÞn ¼ ð2nþ 1Þ2ðn2 þ n 2Þðn2 þ nþ 6mi  6Þg2n
 2ð4n4 þ 8n3  7n2  11nþ 6Þðn2 þ nþ mi  1Þg2nþ2
þ ð2nþ 1Þ2 n4 þ 2n3  n2  2n 4m2i þ 4
	 

g2nþ4
 4ðn 1Þ ð2mi  1Þn3 þ 4m2i þ 3mi  4
	 

n2
	
þ 8m2i  2mi  4
	 

nþ 3 m2i  1
	 


g4nþ3
 4ðnþ 2Þ ð2mi  1Þn3 þ 4m2i þ 3mi þ 1
	 

n2
	
 2minþ nþ m2i  3mi þ 2


g ðA7dÞ
EðhsÞn ¼ 2 ð2nþ 1Þ2ðn2 þ n 2Þ ð2mi  3Þn2 þ ð2mi  3Þn 4m2i
	
þ4Þg2n  2n 4n5 þ 12n4 þ n3  18n2  5nþ 6	 
ðmi  2Þg2nþ2
þ 15m2i  2mi  9
	 

nþ 4 m2i  1
	 


g4nþ3
 ð2nþ 1Þ2 n4 þ 2n3  n2  2n 4m2i þ 4
	 

g2nþ4
þ 2ðn 1Þ 2ðmi  1Þn4 þ 4m2i þ 5mi  7
	 

n3
	
þ 16m2i þ mi  11
	 

n2  2ðnþ 2Þ 2ðmi  1Þn4
	
þ 4m2i þ 3mi  1
	 

n3 þ 4m2i  2mi  2
	 

n2
þmið5mi  3Þnþ m2i  1


g

 ðA7eÞ
FðhÞn ¼ FðrÞn ðA7fÞReferences
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